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ARITHMETIC BOOLEAN
EXPRESSIONS

9.1 INTRODUCTION

Boolean expressions are sometimes used in the research and deveiopment of digital
systems, but calculating Boolean expressions by hand is a cumbersome job , even
when they have only a few variables. For example, the Boolean expressions
LaADWVAEATIV(DAC), (aAB)V{aAc)V{BAD)V(TAT), and (aABYV(TAD)V (bAc) V(BAT)
represent the same function, but it is hard to verify their equivaience by hand. If
they have more than five or six variables, we might as well give up. This problem
motivated us to develop a Boolean expression manipulator (BEM)[MIY89), which is
an interpreter that uses BDDs (o calculate Boolean expressions. [t enables us to check
the equivalence and implications of Boolean expressions easily, and it helped us in
developing VLSI design systems and solving combinatorial probiems.

Most discrete problems can be described by logic expressions: however, the arithmetic
operators such as addition, subtraction, multiplication, and comparison, are convenient
for describing many practical problems. Such expressions can be rewritien using logic
operators only, but this can result in expressions that are complicated and hard to read.
In many cases, arithmetic operators provide simple descriptions of problems.

In this chapter, we present a new Boolean expression manipulator, that allows the use
of arithmetic operators[Min93a]. This manipulator, called BEM-II, can directly solve
problems represented by a set of equalities and imequalities, which are dealt within9-1
linear programming. Of course, it can also manipulate ordinary Booiean expressions.
We developed several output formats for displaying expressions containing arithmetic
operators.



In the following sections, we first show a method for maniputating Boolean expressions
with arithmetic operations. We then present implementation of the BEM-II and its
applications.

9.2 MANIPULATION OF ARITHMETIC BOOLEAN
EXPRESSIONS

Most discrete problems can be described by using logic operations: however, arithmetic
operators are useful for describing many practical problems. For example, a majority
function with five inputs can be expressed concisely by using arithmetic operators:

Fp g uay e Ty g 2

When, on the other hand, it is wrilten using only Boolean expressions, this function
becomes more complicated:

(g Az Ara)V {(wy Adg Mg}V (g Arg A r5)

Ve Aag Aagd VI AT Adg) Vi Axa A #5)

Viez Axy A} Ve AT Ag) WV {wg Arg A €5

Vg A g Aas).

[n this section, we describe an efficient method for representing and manipulating
Boolean expressions contaming arithmetic operators.

9.2.1 Definitions

We define arithmetic Boolean expressions and Boolean-to-integer functions, which
are extended models of conventional Boolean expressions and Boolean functions.

Definition 9.1 Arithmetic Boolean expressions are extended Boolean expressions
that contain not only logic operaiars, but also arithmetic operators, such as addition
{(+). subtraction {—), and multiplication (x ). Any integer can be used as a consiant
in the expression, but inpul variables are restricted to either 0 or |. Equality (=) and
inequalities (<.>. . 2. #) are defined as operations returning & value of either !
(true) or O (false). 8]

For example, (3 x £ + Iy} is an arithmetic Boclean expression with respect to the
variables .72 € {0. 1} {3 xm + #2 < 4} is also an example.

Ariihmeiic Booiean Expressions Liw
, kP
[oo o1 10 1
J x ] 0 3 3
I XTI+ L2 0 1 3 4
Ixm+ze<4] L 1 1 0

Figure 9.1 Computation of arithmetic Boolean cxprossions.

When ordinary logic operations are applied 1o integer values other than 0 and 1, we
define them as bit-wise logic operations for binary-coded numbers, like the manner in
many programming languages. For example, {3 V 3} returns 7. Under this modeling
scheme, conventional Boolean expressions become special cases of arithmetic Boolean
functions.

The value of the expression (3 x &y -+ r2) becomes O when xp = I2 = 0, and it
becomes 4 when Iy = &'z = 1. We can see that an arithmetic Boolean expression
represents a function from a hinary-vector 1o an integer (B* — I). We call this
a Boolean-to-integer (B-to-I} function, which has been discussed in Section 4.2.
The operators in arithmetic Boolean expressions are defined as operations on B-to-1
functions.

The procedure for obtaining the B-to-1 function for the arithmetic Boolean expression
(3 x £y + 2 < 4} is shown in Fig. 9.1. First, multiply the constant function 3 by
the input function 7y to obtain the B-to-I function for {3 x an). Then add 2 t0
obtain the function for {3 x &1 + 2 }. Finally we can geta B-to-1 function for the
entire expression (3 x xry + 23 < 4) by applying the comparison operator (<) to the
constant function 4, We find that this arithmetic Boolean expression is equivalent 10
the expression (T7 Y T3}

9.2.2 Representation of B-to-1 Functions

As shown in Fig. 9.1, a B-to-i function can be obtained by enumerating the output
values for all possibie combinations of the input values, But because this procedure is
impracticable when there are many input variables (since the number of combinations
grows exponentially), we need a more efficient way to represent B-1o-1 functions.

As discussed in Section 4.2, there are two ways (o represent B-to-l functions: multi-
terminal BDDs (MTBDDs) and BBD vectors. MTBDDs are extended BDDs with
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Positive/negative checking is immediately performed by returning the sign-bit BDD.
Using subtraction and sign checking, we can compose comparison operations between
two B-to-[ functions. These operations generate a new B-to-I function that returns a
value of either 1 or'Q fo express whether the equality or inequality is satisfied.

It would be useful to find the upper (or lower) bound value of a B-to-1 function for all
possible combinations of inpat values. This can be done efficiently by using 2 binary
search. To find the upper bound, we first check whether the function can ever exceed
9™ [f there is a case in which it does, we then compare it with 2* + on—! otherwise
only with 2%~ In this way, all the bits can be determined from the highest to the

lowest, and eventually the upper bound is obtained. The lower bound is found in a
simitar way.

Computing the upper (or lower) bound is a unary operation for B-to-I functions; it
retums a constant B-to-1 function and can be used conveniently in arithmetic Boolean
expressions. For example, the expression:

Upper Bound(F)y = F  (Fisan arithmetic Boolean expression)
gives a function that returns | for the inputs that maximize ¥, otherwise it retumns .

That is, it computes the condition for maximizing .

An example of calculating arithmetic Boolean expressions using BDD vectors is
shown in Fig. 9.5.

9.2.4 Display Formats for B-to-I Functions

We propose several formats for displaying B-to-I functions represented by BDDs.

Integer Karnaugh Maps

A conventional Kamaugh map displays a Boolean function by using a matrix of logic
values (0, 1). We extended the Karnaugh map to include integers as elements (Fig. 9.6).
We cail this integer Karnaugh map. 1t is vseful for observing the behavior of B-to-1
functions. Like ordinary Karnaugh maps, they are practical only for functions with
-fewer than five or six inputs. For a larger number of inputs, we can make an integer
Kamaugh map with respect to only six input variables, by displaying the upper (or
iower} bound for the rest of variabies on each element of the map.

Bitwise Expressions

o
e
n

Ariitimeiic Boolean Expressions

x1 _

Ixl+x2<4
R M

anaalip- (x2)

Less °

than 9
o} [

Figure 9.5  Genceration of BDD vertors for arithmetic Soolean capressions.

When the objective function is 100 complicated for an integer Kamaugh map, the
function can be displayed by listing Boolean expressions for respective bits of the
BDD vector in the sum-of-products format. Figure 9.7 shows a bitwise expression
for the same function shown in Fig .9.6. We used the [SOP algorithm (describecéin
Chapter 3) to generate a compact sum-of-products format on each bit.

Bitwise expression is not very helpful for showing the behavior of B-to-l functions,
but it does altow us to observe the appearance frequency of an input variable and it
can estimate a kind of complexity of the functions.
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vector for 2 X (a + 3 x b) — 4 x {a + b), and it can be displayed in a reduced format
as{—2xa+2x0b)

The arithmetic sum-of-products format seems unsuitable for representing ordinary
Boolean functions. For example, (e A b) V (c A d) becomes —a b ¢ a + abc—-ab+
acd—uc+ e~ ecd+ ¢, which is more difficult to read than the original one.

9.3 APPLICATIONS

Using the techniques described above, we developed an arithmetic Boolean expression
manipulator, called BEM-IL It is an interpreter with a lexical and syntax parser for
calculating arithmetic Boolean expressions and displaying the results in various
formats. This section gives the specifications of BEM-II and discusses some of their

applications.

9.3.1 BEM-II Specification

BEM-II! has a C-shell-like interface, both for interactive execution from the keyboard
and for batch jobs from a script file. It parses the script only from left to right:
neither branches nor loop controls are supported. The available operators is listed in
Table 9.1, and an execution example is shown in Fig. 9.9.

In BEM-II scripts, we can use two kind of variables: input variables and register
variables. Input variables, denoted by strings starting with a lowercase letter, Bu_.mwﬁ:
the inputs of the functions to be computed. They are assumed to have a value of either
1 or 0. Register variables, denoted by sirings starting with an uppercase letter, are
used to identify the memery to which a B-to-1 function is to be saved temporarily. We
can describe multi-level expressions using these two types of variables; for exampie,
F=a+b; 5=F+c

Calculation results are displayed as expressions with input variables only, without
using register variables. BEM-II allows 65,535 different input variables to be used,
and there is no limit on the number of register variables.

‘BEM-II supports not only logical operators such as AND, OF, mNO%_ mnﬁ._ _.A..UH
bat also arithmetic operators such as addition, subtraction, multiplication, n_Sm._o_...
shifting, equality, inequality, and upper/flower bourd. The syniax for expressions

LThis program, which runs on 2 SPARC station, is a public domain softwarc.
FTP server address: eda.kuec.kyoto-u.ac.jp (130.54.29.134) /pub/cad/Bemlil

in
Wl

Arlthmeric Boolean cxpressions

Table 9.1 Operaters in BEM-1L. ,

{The upper operators are executed before the lower ones.)
(2

! (logical) ~(bit-wise) + —(unary)

* [{quotient) %{remainder)

+ —(binary)

<< >> (bit-wise shift}

< <= > >»= == !={(relation)

& (bit-wise AND)

” {bit-wise EXOR)

| (bit-wise OR)

? ¢ {if-then-else)

UpperBound{ } LowerBound({ }

generally conforms to C language specifications. The expression A : B 7 C means
if-then-else, and is equivalent to
{ia I=10) *» B) + {(A ==20} * Cj.

BEM-[I generates BDD vectors of B-to-1 functions for given arithmetic Boolean
expressions, Since BEM-II can generate huge BDDs with millions of nedes, limited
only by memery size, we can manipulate large-scale and complicated expressions. It
can, of course, calculate any expressions that used o be manipulated by hand. The
resuits can be displayed in the various formats presented in earlier sections.

The input variables are assumed (o have values that are either 1 or O, but
muiti-valued variables are sometimes used in real problems. [n such cases, we
can use register variables to deal with multi-valued variables. For example,
X = x0 + 2+*x1 + 4+*x2 + 3vx3 represents a variable ranging from 0 to
15. In another way, ¥ = x1 + 2*x2 + 3*x3 + 4+xd4 represents a variable
ranging from ! to 4, under the one-hot constraint  (x1 + x2 + x3 + x4 == 1},

BEM-I1 can be used for solving many kind of combinaiorial problems. Using BEM-II,
we can generale BDDs for constraint functions of combinatorial problems specified
by arithmetic Boolean expressions. This enables us to solve 0-1 linear programming
problems by handling equalities and inequalities directly, without coding compticated
procedures in a programming language. BEM-I1 can aiso sclve problems which are
expressed by non-linear expressions. BEM-II features its customizability: we can
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vsexs Arithmetic Boolean Expression Manipulator (Ver. 4.2)
> symbol x1 x2 x3 x4 x5

> 5 = 2+x1 + 3*xZ + 3*r3 + 4*xd + 3x5

> print /fmap 3

x1l x2 : x3 x4 x3

*oa ok ow ok

i 000 0oLl 011 010 ¢t 110 111 1c1 140
20 | J = El 4 | 7 12 g 3
oL . 3 2 12 71 10 15 1i &
111 5 10 14 EAN 12 17 N l
10 1 2 7 il & | 2 14 La 5

> C o= {3 == 12)
» print C
mexmmxumim_xw__mexmwmxumimxm_
txl & 'x2 & %3 & x4 & x5
> print Jmap C 2 3 @ 0
Xl ®x2 : %3 x4 x5

t ooo oot 01t 010 4 i 111 101 100
a0 | C o} 9 [ i 12 J 0
a1 | 0 0 12 oo 0 c 0 s}
11 1 Q 9] 0 8] 12 3 0 o
13 4 0 3 9 ¢ o J 0 0
> print /map {8 >= 12}7 3 : o}
xl x2 : x3 x4 x5
| aoa 0ol 011 018 | 112 111 0L 160
0o | 0 0 Q G 0 12 0 Q
01t 0 o 12 [V D 13 0 0
11 | o} 0 14 G 12 17 13 J
19 | 0 0 g} 01 0 14 0 Y
> guit
%
Figure 3.10 Exccution of BEM-Ii for a subscl-sum problem.
F2 = (x21 + x22 + %23 + ... * x28 == 11}

C=Fl & F2 & ...

BEM-II analyzes the above expressions directly. This is much easier than creating a
specific program in a programming language. The script for the 8-queens problem
. took only ien minutes to create.

Table 9.2 shows the resulis when we applied this method 1o N-gueens problems. _s.a.:.
experiments, we solved the problem up to ¥ = 11. When secking oniy one mo_cm_oa.
we can solve the problem for larger vaiues of N by using a conventional algorithm
based on backtracking, However, the conventional method does not enumerate all the

m  All the cities are connected:

.

meiic Boolean Expressions Y

ha.
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e

Table$2 Results for N-queens problems.

N [[ Variables | BDD nodes | Solutions | Time(s)
8 64 2450 92 6.1
9 81 9556 352 18.3

10 100 25944 724 63.8

11 121 94821 2680 | 10819

solutions nor does it count the number of solutions for larger N's. The BDD-based
method generates all the solutions simultaneousiy and keeps themin a BDD. Therefore,
if an additional constraint is appended later, we can revise the script easily without
rewriting the program from the beginning. This customizability makes BEM-II very
efficient in terms of the total time for programming and execution.

9.3.4 Traveling Salesman Problem

Traveling salesman problem (TSP) can also be soived by using BEM-IL. The problem
is to find the minimum-cost path for visiting all given cities once and returning to the
starting city.

If n is the total number of cities, we allocate n{n — 1}/2 input variables from 13
10 (n—1)n, Where 1;; represents the path between i-th city and j-th city. Using this
variable scheme, we can express the constraints as follows.

m»  Each city has two path {coming in and going out):

Tyg + X3ttt T =2
Tia+ X+ Tt T =2

Tin +HMS+A..+HT¢I:= =2

I

step-1
LetF i =1, Fy . Fa.....F,=0.

Repeat step-2 n times.

step-2
Let Fy =wpfavaenfyv. v F1nFa.
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Figure 9.11 Example of a data-flow graph.

9.3.6 Scheduling Problem in Data Path Synthesis

Scheduling is one of the most important subtasks that must be solved to perform data
path synthesis. Miyazaki{Miy92] proposed a method for solving scheduling problems
by using BEM-II. The problem is to find the minimum-cost scheduling for a vqonma:._d
specified by a data-flow graph under such constraints as the number of operation units
and the maximum number of clock cycies (Fig. 9.11). This problem can be solved by
using linear programming, but BEM-II can also be used.

When 7 is the total number of operations that appear in the data-flow graph and 2 is
the maximurm number of clock cycles, we aliocate . X 7 input variables from uyy 10
T'mn. Where z;; represents the i-th operation executed in the j-th clock cycie. Using
this variabie coding, we can represent the constraints of the scheduling problem as
follows.

1. Each operation has to be executed once:
o S R U
ray + T+ F

i

Pl + Fmz t oo FEmn =1

3

Ariifinelic Boolean Expressions H

Table 9.5  Results of scheduling probicm.

Data AH Optimal | c-step | Muiti- | ALUs j BDD | Time
solutions | solusions plier nodes | {sec)

DiffEq 108 3 4 2 2 321 2.1
Tseng 12 4 5 0 3 321 1.3
EWF 4200 167 14 2 3 12601 | 27.0

2. The same kind of operations cannot be executed simuitanecusly beyond the
number of operation units. For example, when there are two adders and the i-th,
4-th, and ¢-th operations require an adder:

Tal + Tog + ey 2
Fag +Tpa + T L2 .
Tun + &im + Tpn < .

3. If two operations have a dependency in the data-flow graph, the operation in the
upper stream has to be executed before the one in the lower stream.

LetCy =1 xay 2% o2+ ...+ 7% 0y,
letCy=1 %o +2xda+ ...+ X T2,

Let Crop =1 X oyt +2 X ding + ...+ 1 X e
Then (C, < C;) is the condition that the -th operation is executed before j-th
one.

The logical product of al! these constraint expressions becomes the solution to the
scheduling problem. Using BEM-II, we can easily specify the cost of operation and
the other constraints. BEM-II analyzes the above expressions and (ries 10 generale
BDDs that represent the solutions. 1f il succeeds in generating BDDs in main
memory, we can immediately find a solution to the problem and count the number of
solutions. Table 9.5{Miy92| lists the experimental results for benchmark data from
the High-Leve! Synthesis Workshep (HLSW), The RDDs for constraint functions Can
be generated in a feasible memory and space.



ol

sl 01 9jqIssodu) 1soW|E §1 1 Ing ‘Kppatsudur parpms Suaq (s ae FuLspio I[qeuea
Jo sanbnnpom syl awn vonemdwos aqeuosel (s nq Jasuo; & w $30D pPOYIaLD
WM A el 1apIo 139G B S3AlF poyIaw SIY) ‘$9SED AUBWI U] “UYONEDS JEWISLUSIDUL
ue Julop Aq uzys fayyer ‘unodmata [eqord € wodj 1apIo pood e 395§ 3] “uonRuULIOpD
Teuonippe 3wisn motim A usatd ¢ 104 1opio sreudosdde ue Spuy ‘puey Jarlo k)
Uo "pOLIBI PLM-WNWIGIW 2], "IN voneinducd BOys e Ul 13pIo SKRIS|0: B Spuy
pogiaw ymd 2t sunaao peanoerd AuBw 10§ 1ey) moys SHNSU [erustwipadyy NnaKo
2180 10 uoissardxa wesjoog A U1 sucnerado 2180 Jo asuanbas oy saytoads yotgm
uoreunojut feaisojodo o3 s1R) ] 'sQAY Sunerdued 210J9q sopIo seudoidde ue
SPUl POUISW YM( UL POyiawl iipis-tuniitutie pUE poyiaut YM(J “SPOUISW JHsLInay
oMl peamoys pue SuLapIo sjqeuea J0 sataadoad atyp passnasip am ‘¢ aaudeyny vy sqqg
Jo voneotidde atp ur sansst weLodu 150w A1) Jo AU $1 potpRw SULIAPIO S[qRLIEA AL

-aouatas 1mdwos o s135d5e JAYI0 pue gD [STA B0 juswdo|aasp
PUR YEDSIE I PAZIIIR A]9Pim mou aze Aoyl Corgnd o o) uado e safewed
wesBord awos pue "[DeHUE ‘38T ‘06 AIA ‘98AIGIPHOM 21 1340 [jE SILI0IEIOqR)
Awewr ur pasosdun pue padojassp uddq aaey sonbluyos) 353y} "SIPOU JO UCH[IW €
uBl 230w Sutureaunod sq (g deas-ade] Laa srgndiuew pue juasarda Apustay)s ued
1] ‘uonerndirein uonduny uesfooq 10§ afexsed sunnoigns qag © paruswsjdws s
"Pasn A[aplsm mOU PUE 34029430 Apremonued st 28pa aappdau sy -uonesado urenad v
Suyussaidas sSMQLIJE JO SLOS [RIAIS Ym Poyoene s38pa e yotym *sapa pamqupip
3o 951 Y1 pasedosd am ‘s Jo wawsacxdun ue sy -swayqoad jeonoesd 0 s|geondde
sioe[ndinew Qg jew o sanbluyzol vopeuawsidun paqussap usls 24 “SCIAE
Buisk uonemdivels vonouny uE3joeg Jo sunpuode siseq pawasaid om 2 tadey)y ug

‘ SWASAS VD ISTIA
10y sucnendde Loy pur $q@g 01 P13 $INDIKYID] PRSSNOSIP IARY Im ‘yoog sy uf

SNOISIYTONOD

Ol

Juado|2A3p pUE LOIEIS
swalsAs yendip ur 001 Injasn v ag @ it padxs o "uonnoaxd pue SunuwesSoxd
JOJ QW [C10] JO SLEAY UL UMDY A1aa 1 SayTW [J-WHE 3O Agrziwoisna oy
‘stuapqold speos-s8ie] 104 SWYIOT[L 0sLNAY paznundo-11om J0 JeUL SB 18233 S 10U §
H-WA4 jo peads uonenduwsod ay) ySnoyiy -2 swajgosd susuyiue-1d s ‘sasenbs
NFew ‘swajqosd Fan-wnuwnuny 3ULAJOS 10) PAsN aq OS[T UTD [-NTE ‘219 umoys
aaely am sajdwex syt Ul pasn 3nag o woteppe vy wapqord ¢ Awajos Jo) aden3ue)
SuunumFosd v ur umaSoad oyidads © s 0) AIRSSI20U 10U 20)2IANE S1 ] SUOTINIOS
ue_ juasasdai 1oyt s somaeual pue fwaQoad oyl J0 S1IS0> PUE SHUTRLISUOD 21 Wi
sam[enbaur pue saguenba ay s;Adwed Ajdaitp ued Jojeindiucty sIgf Csuo1ssaidxe
ueajooqg onawiyte Futsn £q SWajgeld |PUGEUIQIOD JO puly Ausll aAjos A|isea ued
wy (1-Aag) Jeendew uossardsa ucajoog amsunjiue ur padojaasp aaey am

NOISO'IONOO t'6

L bl " vw“‘w

e

!




a i T
138 onAf i iy

a method that always finds best order within a practical time. We wili therefore have
10 use some heuristic methods selecied according to the application.

In many applications, we sometimes use termnary-valued functions containing don’t
cares. The technique of handling don’t cares are basic and important for Boolean
function manipulation. In Chapter 4, we showed two methods — emary-valued
BDDs and BDD pairs — that we compared by introducing the D-variable. In this
discussion, we showed that both the two methods are the special forms of the BDDs
using the D-variable and that we can compare the efficiency of the two methods by
considering of the properties of variable ordering.

We extended the technique of handling don’t cares to be used for Binary-to-integer
functions, and we presented two methods: MTBDDs and BBD vectors. These method
can be compared by introducing the bit-selection variables, similarly to the D-variable
for the ternary-valued functions. Multi-valued logic manipulation is important (o
broaden the scope of BDD application. These techniques are useful in various areas
of computer science as well as for VLSI CAD.

In Chapter 5, we discussed the topic of transforming a BDD representation into
another kind of data structure. We presented the [SOP algorithm that generates
prime-irredundant cube sets directly from given BDDs, in contrast to the conventional
cube set reduction algorithms, which temporarily generate redundant cube sets or truth
tables. The experimental results demonstrate that our method is efficient in terms of
time and space. In practical lime, we can generate cube sets consisting of more than
1,000,000 literals from multi-level logic circuits that have never before been flattened
into two-level logics. In experiments with large-scale examples, our method is more
thari 10 times faster than conventional methods. It gives quasi-minimum numbers
of cubes and literals. [n terms of size of the result, the ISOP algorithm may give
somewhat larger results than ESPRESSO, but there are many applications in which
such an increase is tolerable. Our method can be utilized to transform BDDs into
compact cube sets or to fatien multi-tevel circuits into two-level circuits,

As our understanding of BDDs has deepened, their range of applications has broadened.
In VLSI CAD problems, we are often faced with manipulating not only Boolean
functions but also sets of combinations. In Chapter 6, we proposed Zero-Suppressed
BDDs (ZBDDs), which are BDDs based on a new reduction rule. ZBDDs enable us to
manipulate sets of combinations more efficientty than we can when using conventional
BDDs. The effect of ZBDDs is especially remarkable when we are manipulating
sparse combinations. We discussed the properties of ZBDDs and their efficiency
as revealed by a statistical experiment. We then presented the basic operators for
ZBDDs. These operators are defined as the operations on sets of combinations, and
differ siightly from the operations on Boolean functions based on conventional BDDs.

Cmoa

Conciusions N

On the basis of these ZBDD techniques, we discussed the calculation of unate cube set
algebra. We developed efficient algorithms for computing unate cube set operations
including multiplication and division, and we showed some practical applications. For
solving séme types of combinatorial problems, unate cube set algebra is more useful
than using conventional logic operations. We expect the unate cube set calculator to
be a helpful tool in developing VLSI CAD systems and in various other applications.

In Chapter 7, we presented an application for VLSI togic synthesis. We proposed a fast
factorization method for cube set representation based on ZBDDs. Our new aigorithm
can be executed in a time almost proportional to the number of ZBDD nodes, which is
usually much smaller than the number of literals in the cube set. By using this method,
we can quickly generate multi-level logics from implicit cube sets even for parity
functions and full-adders, which have never been practicable before, We implemented
a new multi-level logic synthesizer, and experimental results indicate that our method
is much faster than conventional methods, and the difference is remarkable when large
cube sets are factorized. Our method greatly accelerates multi-level logic synthesis
systems and makes them applicable to larger circuits. There is still some room to
improve the results. We have used a simpie strategy for choosing divisors, but more
sophisticated strategies might be possible. Moreover, a Boolean division method for
implicit cube sets is worth investigating to impreve the optimization quality.

In Chapter 8, we discussed a ZBDD-based method of manipulating polynomiais. We
proposed an elegant way to represent polynomials by using ZBDDs, and showed
efficient algorithms for operations on those representations. Qur experimenial results
indicate that we can manipulate large-scale polynomials implicitly within a feasible
time and space. An important feature of our representation is that it is the canonical
form of a polynomial under a fixed variable order. As the polynomial calculus is a
basic part of mathematics, our method is very useful in various areas.

In Chapter 9, we described a useful tool for the research on computer science, Using
the BDD techniques, we have developed an arithmetic Boolean expression manipulator
(BEM-H) that can easily solve many kind of combinatorial probiems. [t calculates
not only binary logic operation but aiso arithmetic operations on multi-valued logics:
such as addition, subtraction, multiplication, division, equality, and inequality. m.w_o:
arithmetic operations provide simple descriptions for various problems, BEM-II feeds
and computes the probiems described as equalities and inequalities, which are dealt
with using 0-1 linear programming. It is therefore not necessary to write a specific
program in a programming language for solving a problem. In this chapter, we
discussed the data structure and algorithms for the arithmetic operations. We then
presented the specification of BEM-I! and some application examples. Experimental
resuits indicate that the customizability of BEM-II makes it very efficient in terms of
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BDD manipulator, 10
BDD package, 3. 21
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BDD vector, 43, 111
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Binary logic operation, 12
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Binary decision diagrams, 2
Binary jogic operation, 12
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Case enumeration, L 16
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BDD-based representation, 31
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1SOP algorithm, 84
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